INTRODUCTION
In his book [3] Titchmarsh formulated a condition on the potential 1' which ensured that the part of the operator -II2 + p over the open positive axis is absolutely continuous. Specifically he showed that this holds for an appropriate self-adjoint extension of this operator provided that p is absolutely integrable and satisfies some very general conditions. For brevity we shall refer to such potentials as Titchmarsh potentials. At the same time Kodaira [4] studied this problem independently. He showed that this property holds for a different class of potentials, namely, those for which the derivative satisfies the estimate, p'(t) = O(-&) ' +f, E > 0, for 5 3 co.
Later Weidmann [9] took up this problem and gave a common generalization of both of these results. His result implies that this holds for potentials which can be written as a sum of a Titchmarsh potential and another one which tends to zero at infinity and has an absolutely integrable derivative. Weidmann's result is quite remarkable, for potentials of the form, p(5) = sin 515 + 0103s S/S barely fail to satisfy these conditions. At the same time, according to Wigner and von Neumann [l] and Simon [I 11, for such potentials the operator --D* + p does admit positive point eigenvalues.
In this paper we give another proof of this special Weidmann result.
I'. A. REJTO Specifically we ifluhtrate how the JWKB approximation method can be applied to verify a set of abstract criteria for absolute continuity.
to be formulated presently. These criteria are based on ;I simple abstract property which has been employed by several different authors to establish absolute continuity.
In particular it haa been employed by Kato and Kuroda [14] . Agmon The proofs of these two lemmas are similar to the proofs employed for short range potential perturbations.
In fact wc exploit an elegant observation of Kato [29b] sayin g that for the case of l-space dimension the Hilbert-Schmidt norm can be employed to study smooth or gentle perturbations.
It is a pleasure to thank Professor Sibuya for introducing the author to the theory of the JWK E approximation.
Special thanks are due to Professor Ravine for an informal conversation at the recent Scattering Theory Summer School in Denver. Durin g this conversation he emphasized that the construction of an energy dependent perturbation is one of the essential features of his theory [24] . This suggested the emphasis of a similar construction in the report [19] . This, in turn, led to the present Section 3.
After this work was completed we learned about the overlapping and deep results of Georgescu [34] .
FORMULATION OF THE RESULT
We start this section by stating a condition which is somewhat more restrictive than the one of Titchmarsh [3] , Kodaira [4] , and Weidmann For convenience we also assume that p is locally square integrable and (2.7)
Then denoting differentiation by D, as is well known [29, 321 this implies that M(p), the operator of multiplication by the potential p, is -D2 compact. This, in turn, implies [29, 321 that
In Section 4 we shall derive this theorem from an ;rbstract theorem to IX stated in Section 5.
Let A be a given self-adjoint operator acting on a Fiven abstract I-iiibert space 9. In this section we formulate two sets of conditions for a pal-t of .-1 to be absolutely continuous.
To a given interval of reals. .p. and angle 1. kc assign tw'o open regoiis of the complex plane by setting where 3" denotes the interior of the inter-v21 .P As usual. we denatc by %('sj) the space of everywhere defined bounded operators on $. For :r possibly unbounded operator 7' and for /I in p( 7'). the resolvent set of % we set Next suppose that (fi is ;I Hanach space such that both VI and $ can be embedded in a metric space 911 in such a manner that Cci n $j is dense rn each of the spaces 6 and 5. We shall refer to this property as the dense intersection property. In view of this fact each operator A on 6 n sj defines a form on 6 n $ :-: 05 n 9, namely, the form defined by
If this form is bounded with reference to the 6norm. we denote its closure by the same symbol [A]@ and say that the operator A determines a bounded form on 6. Note that the boundedness of this form does not imply and is not implied by the property that A is in B(6). Similarly, if the operator A maps 6 0 5 into itself and it is bounded with reference to the G-norm, we denote its closure by 4,. and say that A determines an operator in +%3(S).
With the aid of these notations we formulate the following condition.
CONDITION G(9). For each p in g+(9) the given factorization of the resolvent
is such that the first factor satisfies Condition G,(Y) and the second factor satisfies Condition 1.X that follow. CONDITION G,(X). For each p in &t(Y) the operator So(p) on 3 determines a bounded form on 6 x Q for which CONDITION 1.4 . For each p in 9?+(.Y) the operator Q(p) on $ determines an operator in B(6) for which
The following lemma employs Condition G(4) and it is our first absolute continuity criterion. It is not difficult to show that Condition G2(9) and Condition A(9) together imply Condition 1.9. Inserting this implication in Lemma 3.1 yields the following theorem, which is our second absolute continuity criterion. THEOREM 3.1. Let A be a given self-adjoint operator and let .% be a compact interval. Suppose that R(p A) admits a factorization which satisfies Conditions G,,,(S) and Condition A(Y) with reference IO a space 6 llakg the L~JLSP intersection propert!-. Then A(9). the part qf the operator A over the intercal 4 . is absolutely continuous.
For a large class of Schriidinger operators for each cr) in 9 each of the two limit operators, Qk(w)&', is Fredhoim of index zero 1361. That is to say invertibility is implied by the one to one property. We shall call the point w exceptional if either of the two limit operators, Q$w)G', is not one to one. The following condition will allow us to formulate a useful property of exceptional points. [lo, 14, 161 for various classes of operators. The present version, which was proved in the technical report [38] , is similar to the one of Lavine [21] and to the one formulated elsewhere [8b]. In it we set whenever this limit exists in !8('8). In this section we derive Theorem 2.1 from the abstract Theorem 3.1 by constructing a factorization of the resolvent satisfying the conditions of this abstract theorem. We start this construction by imposing an additional condition on the potential which will allow the application of the JWKB approximation method. Roughly speaking the condition that follows will hold for the smoothed out tail of the long range part of p. where p1 is short range in the sense that Pl E Q,m+) (4.4) and pa satis$es Condition O(9). Note that this application of the Weyl representation theorem is ti~rmal inasmuch as the operator L(q(,u)) is not self-adjoint. in fact, not eve11 sq'mmetric. Nevertheless it is not difficult to show that thia kernel define\ an operator in %(Q!,(.$' )) which is the inverse of the operator ~1 UC/(p)). For the details of this proof we refer to the technical report [38] and consider the proof of Lemma 3.2 complete.
In the next lemma we use the approximate rcsolvent R(/l: L(c/(~J,)~) to define a factorization of the original resolvent. 
Rip; L(P))
Rtp; L(q(p))) . Q(p). The proof of this lemma is not difficult either and for the details \ve refer to the technical report [38] .
In the remainder of this section we set .%p) .=~ R(p; L(q(p))). This lemma is an elementary consequence of formula (4.19) and for a detailed proof of this fact we refer to the technical report [38] .
Next we derive estimate (4.27) from Lemma 4.4. For this purpose recall Lemma 4.1. It shows that the function n of definition (4.24) is integrable, that is, n E i&(92+). This establishes the validity of Condition G3(fl(y).
(d) Condition A($). Since unitary equivalence preserves compactness the proof of relation (4.34) shows that the operator is compact. This implies that each of the two limit operators, (I -Q+(w)-')~ , is also compact. In view of the compactness of this operator and the Fredholm alternative it suffices to show that the limit operator is one to one. This is the statement of the lemma that follows. At the same time it follows from formula ( 4.19) and definition (4.23) that this limit is given by
Here we have set According to the basic L,cmma 3.3 Next we show that this implies the key rclaiion.
To show this. in turn, we need a simple fact about the jump oi II fi. The key relation (4.53), in turn, implies the validity of conclusion (4.49) in the usual manner. A possible reference for this implication is the technical report [38] . This completes the proof of Lemma 4. 5 .
Having established these conditions we can conclude from the abstract Theorem 3.1 the validity of the concrete Theorem 2.1. Again this follows in the usual manner and a possible reference is the technical report [38] .
